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Introduction
In 1998, the CDF collaboration observed the pseudoscalar B ± c mesons through the semileptonic decays B ± c → J/ψℓ ± X and B ± c → J/ψℓ ±ν ℓ in pp collisions at the energy √ s = 1.8 TeV at the Fermilab Tevatron [1] . The bottom-charm quarkonium states B c are of special interesting, the ground states and the excited states lying below the BD, BD * , B * D, B * D * thresholds cannot annihilate into gluons, and therefore are more stable than the corresponding heavy quarkonium states consist of the same flavor, and would have widths less than a hundred KeV [2] . The semileptonic decays B ± c → J/ψℓ ±ν ℓ , B + c → J/ψe +ν e were used to measure the B c lifetime [3, 4] , which is about a third as long as that of the B and B s mesons as both the b and c quarks decay weakly. In 2007, the CDF collaboration observed the B ± c mesons with an significance exceeds 8 σ through the decays B ± c → J/ψπ ± in pp collisions at the energy √ s = 1.96 TeV, and obtained the value m Bc = (6275.6 ± 2.9 ± 2.5) MeV [5] . In 2008, the D0 collaboration reconstructed the decay modes B ± c → J/ψπ ± and observed the B ± c mesons with an significance larger than 5 σ, and obtained the value m Bc = (6300 ± 14 ± 5) MeV [6] . Now the average value is m Bc = (6.277 ± 0.006) GeV from the Particle Data Group [7] . Recently, the LHCb collaboration observed the decay B + c → J/ψπ + π − π + for the first time using 0.8 fb −1 of the pp collisions at √ s = 7 TeV, the measured ratio of branching fractions is
where the first uncertainty is statistical and the second is systematic [8] .
The hadronic decays B + c → J/ψ π + π − π + , J/ψ π + take place through the weak b-quark decays b → cW * → cūd, which are analogous with the τ -lepton decays τ → ν τ W * → ν τū d. We can use the existing experimental data on the τ -lepton decays to obtain reliable prediction for the B + c → J/ψ π + π − π + branching fraction with the method of spectral functions,
where the dΦ(W * → π + π − π + ) is the Lorentz-invariant three-body phase factor, the ǫ µ is the effective polarization vector of the virtual W -boson, the spectral functions ρ T (q 2 ) and ρ L (q 2 ) are universal and can be determined by theoretical and experimental analysis of the τ → ν τ π + π − π + decays [9, 10, 11, 12] . The spectral function ρ L (q 2 ) is negligible according to conservation of vector 1 E-mail,wangzgyiti@yahoo.com.cn.
current and partial conservation of axial-vector current. The explicit expression of the spectral function ρ T (q 2 ) can be fitted to the experimental data or calculated by some phenomenological models, the spectral function ρ T (q 2 ) is always saturated by exchange of the intermediate axial-vector meson a 1 (1260) with an special ansatz for the vertexes a 1 ρπ and ρππ based on some phenomenological quark models [13, 14, 15, 16] . In this article, we intend to study the decays 
considering the decays a 1 (1260) → ρπ, where the momenta of the ρ and π mesons in center-ofmass frame of the initial a 1 (1260) meson are about 0.37 GeV. Such a Lagrangian maybe lead to amplified amplitude for the decay
where the momenta q a , l ρ and k π are large, we have to introduce form-factors to parameterize the off-shell effects. In the decays τ → a 1 (1260) ν τ and B + c → J/ψ a + 1 (1260), the momenta of the a 1 (1260) meson in center-of-mass frame of the initial particles are about 0.45 GeV and 2.16 GeV, respectively. On the other hand, we know that the decays a 1 (1260) → ρπ are S-wave dominated [7] , we prefer the simple Lagrangian,
in this article. Furthermore, we use the Lagrangian,
to study the vertex ρππ [18] . The article is arranged as follows: we derive the decay widths of the processes
3, we present the numerical results and discussions; and Sect.4 is reserved for our conclusions.
Decay widths of the processes
can be described by the effective Hamiltonian,
where the V cb , V ud are the CKM matrix elements, the G F is the Fermi constant, and the C 1 (µ) is the Wilson coefficient defined at an special energy scale, C 1 (m b ) = 1.14 [19] . In the following, we write down the definitions for the weak form-factors
where
and V 0 (0) = V 3 (0), and the ǫ µ is the polarization vector of the vector meson J/ψ. There have been several approaches to calculate those weak form-factors, such as the QCD sum rules [19, 21, 22] , the light-cone QCD sum rules [23] , the relativistic quark models [24, 25, 26, 27] , the light-front quark models [28, 29] , the non-relativistic quark models [30, 31] , perturbative QCD [32] , etc. In this article, we take the typical values from the QCD sum rules [19] , the relativistic quark models [24, 25] and the light-front quark models [28] , and refer them as QCDSR, RQM1, RQM2 and LFQM, respectively. In calculations, we use the following definition for the decay constant f a of the axial-vector meson a 1 (1260),
where the ε µ is the polarization vector. We take into account the effective Hamiltonian H eff , the weak form-factors and the Lagrangians L aρπ , L ρππ to obtain the amplitudes
then obtain the differential decay widths
where the dΦ(P → q, p), dΦ(q → l, k), dΦ(l → r, t) are the two-body phase factors defined analogously, for example,
The decay widths of the processes B + c → J/ψπ + , η c π + can be calculated straightforward using the effective Hamiltonian H eff and the weak form-factors, the explicit expressions are neglected for simplicity.
Numerical results and discussions
The input parameters are taken as G F = 1.166364 × 10 −5 GeV −2 , V ud = 0.97425, V cb = 40.6 × 10 −3 , m π = 139.57 MeV, m ρ = 775.49 MeV, Γ ρ = 146.2 MeV, m Bc = 6.277 GeV, τ Bc = 0.45 × 10 −12 s from the Particle Data Group [7] , m a = 1255 MeV, Γ a = 367 MeV from the COMPASS collaboration [33] , g ρππ = 6.05 from the decay ρ → ππ [18] , g aρπ = 3.37 from the decay a 1 (1260) → ρπ [7] , f a = 0.24 GeV from the QCD sum rules [34] .
We obtain the branching fractions of the decays B + c → J/ψ π + , η c π + , J/ψ π + π − π + and η c π + π − π + with the typical values of the weak form-factors from the QCD sum rules [19] , the relativistic quark models [24, 25] , and the light-front quark models [28] . The form-factors in Refs. [19, 24, 25] are fitted to an single pole form, [19] 0 [25] 0 while the form-factors in Ref. [28] are fitted to an exponential form,
where the f (q 2 ) denote the weak form-factors, the m f it , c 1 , c 2 are fitted parameters. The numerical values are presented explicitly in Table 1 .
The numerical values of the branching fractions are shown in Table 2 , from the table, we can see that the branching fractions vary in a large range according to the values of the weak form-factors from different theoretical approaches, it is difficult to determine which one is superior to others. In Table 2 , we also present the predictions from the Berezhnoy-Likhoded-Luchinsky (BLL) model for comparison, where the spectral function
determined from the τ → ν τ π + π − π + decays is used [9, 10, 11] . The present values are slightly different from that of Ref. [9] , as we have taken slightly different input parameters.
The ratios among the branching fractions are shown explicitly in Table 3 , from the table, we can see that
are all compatible with the experimental data 2.41 ± 0.30 ± 0.33 within uncertainties [8] , while the ratios based on the weak form-factors from the QCD sum rules in Ref. [19] and the relativistic quark models in Ref. [25] are better. All those predictions can be confronted with the experimental data in the future at the LHCb collaboration.
In Fig.1 , we plot the differential decay widths of the B c mesons dΓ(B Table 3 : The ratios among the branching fractions of the B c decays, where the references denote the hadronic form-factors from that articles are used. Fig.2 we can see that the approximation l 2 = M 2 (π + π − ) works rather well.
In Fig.2 , we plot the π + π − π + and π + π − invariant mass distributions in the decays B c → J/ψπ + π − π + compared with the experimental data and the predictions of the BLL model. With suitable normalization, the weak form-factors from the QCD sum rules [19] , the relativistic quark models [24, 25] , and the light-front quark models [28] lead to almost the same line-shapes for the invariant mass distributions, although they correspond to quite different decay widths. From the figure, we can see that the present work and the BLL model both describe the experimental data on the invariant mass distributions M (π + π − π + ) well, while the present prediction is better.
Conclusion
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